Abstract. A finite transitive permutation group is said to be 3 2 -transitive if all the nontrivial orbits of a point stabiliser have the same size greater than 1. Examples include the 2-transitive groups, Frobenius groups and several other less obvious ones. We prove that 3 2 -transitive groups are either affine or almost simple, and classify the latter. One of the main steps in the proof is an arithmetic result on the subdegrees of groups of Lie type in characteristic p: with some explicitly listed exceptions, every primitive action of such a group is either 2-transitive, or has a subdegree divisible by p.
Introduction
Burnside, in his 1897 book [14, p 192, Theorem IX] , investigated the structure of finite 2-transitive permutation groups. He proved that any such group is either affine or almost simple; in other words, the group has a unique minimal normal subgroup which is either elementary abelian and regular, or nonabelian simple. A transitive permutation group G on a set Ω is said to be 2 -transitive was first used in Wielandt's book [68] , where he extended Burnside's proof to show that any 3 2 -transitive group is either primitive or a Frobenius group (that is, every two point stabiliser is trivial). The classification of 2-transitive groups is a notable consequence of the classification of finite simple groups (see [23, 28, 31, 40, 52] , and [15] for an overview).
In this paper, we obtain two results along the way towards the classification of 3 2 -transitive groups. First, in parallel to Burnside's structure theorem, we prove Theorem 1.1. Every finite primitive 3 2 -transitive group is either affine or almost simple. Our second result deals with the almost simple case. A subdegree of a transitive permutation group is a size of an orbit of the point stabiliser.
Theorem 1.2. Let G be a finite almost simple 3 2 -transitive group of degree n on a set Ω. Then one of the following holds:
(i) G is 2-transitive on Ω.
(ii) n = 21 and G is A 7 or S 7 acting on the set of pairs of elements of {1, . . . , 7}; the size of the nontrivial subdegrees is 10.
(iii) n = 1 2 q(q − 1) where q = 2 f 8, and either G = PSL 2 (q) or G = PΓL 2 (q) with f prime; the size of the nontrivial subdegrees is q + 1 or f (q + 1), respectively. [53] , and Camina and McDermott [17] . A characterisation of the groups in (i) and (iii) as the only 3 2 -transitive groups with trivial Fitting subgroup and all two-point stabilisers conjugate was given by Zieschang [69] . Affine 3 2 -transitive groups will be the subject of a future paper. The soluble case was handled completely by Passman in [60, 61, 62] .
Our proof of Theorem 1.2, in the main case where G has socle of Lie type, uses the following result concerning the arithmetic nature of subdegrees of such groups. Theorem 1.3. Let G be an almost simple group with socle L of Lie type of characteristic p. Let G act primitively on a set Ω, and let H be the stabiliser of a point. Assume that p divides |H|. Then one of the following holds: (ii) G is 2-transitive on Ω: here either G = Sp 2d (2) for d 3 with H = O ± 2d (2) and |Ω| = 2 d−1 (2 d ∓1), or G is detailed in Table 1 . (iv) G is detailed in Table 2 .
We remark that the examples in Table 1 and lines 2 and 3 of Table 2 are in some sense degenerate as they arise due to exceptional isomorphisms with either alternating groups or groups of Lie type of different characteristic, namely PSL 2 (4) ∼ = PSL 2 (5), Sp 4 (2) ′ ∼ = PSL 2 (9) ∼ = A 6 , PSL 4 (2) ∼ = A 8 , PSL 3 (2) ∼ = PSL 2 (7), G 2 (2) ′ ∼ = PSU 3 (3), Table 1 are required so that p divides |H|. Theorem 1.3 follows from Theorems 5.1(A) and 7.1. Theorem 3.4 in Section 3 is a result of a similar flavour for general primitive permutation groups.
We shall obtain several consequences of the above results. The first is immediate from Theorems 1.1 and 1.2. 2 -transitive groups form Schurian equivalenced non-regular schemes (see [56] ), which form a class of pseudocyclic association schemes. To date, there are not many known constructions of pseudocyclic schemes, and Theorem 1.2 implies that there are no new examples in this subclass.
In the next result, we call a transitive permutation group strongly 3 2 -transitive if all non-principal constituents of the permutation character are distinct and have the same degree. Theorem 30.2 of [68] states that strongly A related notion arose in a paper of Dixon [24] . He defines a QI-group to be a finite transitive permutation group for which the permutation character is 1 + θ where θ is irreducible over the rationals. All such groups are primitive and strongly 3 2 -transitive. Moreover, Dixon reduced their study to the almost simple case. The groups in (iii) of Theorem 1.2 satisfy the QI-condition if and only if q − 1 = 2 f − 1 is prime (see [24, Theorem 11] ). Hence we have Corollary 1.6. The almost simple QI-groups which are not 2-transitive are precisely the groups in part (iii) of Theorem 1.2 with 2 f − 1 prime.
The final consequence concerns a connection between Theorem 1.3 and triple factorizations. These are factorizations of a group G as a product ABA for subgroups A, B; such factorizations have been of interest since the paper of Higman and McLaughlin [29] linking them with incidence geometries.
It is an elementary observation that if G is a transitive permutation group with point stabiliser H, and p is a prime dividing |H|, then all the subdegrees of G are coprime to p if and only if G admits the triple factorization G = HN G (P )H, where P is a Sylow p-subgroup of H. Indeed, for g ∈ G\H the condition on the subdegrees implies that there is an H-conjugate P h of P contained in the two-point stabiliser H ∩ H g . Then P h , P hg −1 are contained in H, hence are H-conjugate, and so hg −1 h ′ ∈ N G (P ) for some h ′ ∈ H, giving g ∈ HN G (P )H. Hence the subdegree condition implies the triple factorization, and the converse implication is proved by reversing the argument.
In view of Theorem 1.3, this gives the following result concerning triple factorizations of groups of Lie type. We denote the set of Sylow p-subgroups of a group G by Syl p (G). Corollary 1.7. Let G be an almost simple group with socle L of Lie type in characteristic p, and let H be a maximal subgroup of G. Assume that p divides |H|. Then G = HN G (P )H for P ∈ Syl p (H) if and only if G, H are as in Theorem 1.3(ii)-(iv).
We note that in [1, 2] it is shown that there are many more triple factorizations G = HAH with A a maximal subgroup properly containing N G (P ), where H is a maximal subgroup of order divisible by p and P ∈ Syl p (H).
Basic lemmas
In this section, we provide some of the lemmas that we repeatedly use in the course of this work. Let G be a transitive permutation group on a set Ω. We refer to |Ω| as the degree of G and the orbits of a point stabiliser as suborbits. Recall from the Introduction the result of Wielandt that a finite Lemma 2.1. Let G be a finite transitive permutation group with a point stabiliser H.
(i) Suppose the degree of G is divisible by r > 1. If G has a subdegree divisible by r then G is not 3 2 -transitive. (ii) Suppose that H < K < G and in the action of K on the set of right cosets of H, K has a suborbit of length ℓ. Then G has a suborbit of length ℓ. (iii) Let T be a normal subgroup of G. Let g ∈ G and suppose |T ∩ H : T ∩ H ∩ H g | is divisible by a positive integer k. Then |H : H ∩ H g | is divisible by k. (iv) Let p be a prime such that H has a nontrivial normal p-subgroup P . Then G has a subdegree divisible by p.
Proof. (i) This is clear.
(ii) Since K has a suborbit of length ℓ, there exists g ∈ K such that |H : H ∩ H g | = ℓ. Since g ∈ G, it follows that G has a suborbit of length ℓ.
(iii) Consider the group action of G on the right cosets of H. Since T ∩ H is a normal subgroup of H, the orbit lengths of T ∩ H divide the orbit lengths of H. Therefore, for all g ∈ G, we have that
(iv) There must be some H-orbit ∆ upon which P acts nontrivially. Then as P ⊳ H, all orbits of P on ∆ have the same size. It follows that p divides |∆|.
Let G be a transitive permutation group with point stabiliser H. We say that a subgroup H 0 of H is weakly closed in G if whenever H g 0 H for g ∈ G there exists h ∈ H such that H g 0 = H h 0 . Lemma 2.2. Let G be a transitive permutation group with point stabiliser H and let p be a prime. Suppose there exists T H such that (i) N G (T ) H, and (ii) for all S ∈ Syl p (H), the group T, S contains a normal subgroup H 0 of H which is weakly closed in G such that H = N G (H 0 ). Then G has a subdegree which is divisible by p.
Proof. Let g ∈ N G (T )\H. 
0
= H h 0 . Thus hg ∈ N G (H 0 ) = H. Hence g ∈ H, a contradiction, and so G has a subdegree divisible by p.
The next result is commonly known as Tits' Lemma. A proof can be found in [64, (1.6) ].
Some care is required when applying Lemma 2.4 in the case where H 0 is a central product of classical groups, as factors isomorphic to PSL d (q) may be hidden due to isomorphisms in the low dimensional cases. However, by [34, Lemma 2.5. Let G Sym(Ω). If there exists a k-set Γ of Ω such that there is no g ∈ G with Γ g ∩ Γ = ∅ then Γ intersects nontrivially a G-orbit of length at most k 2 − k + 1.
Lemma 2.6. Let G be a permutation group with point stabiliser H, let S be a Sylow p-subgroup of H for some prime p, and let x ∈ H have order a power of p. 
Proof. First consider the action of
, it follows from Lemma 2.5 applied to the action of G on Syl p (G) by conjugation that there exists g ∈ G such that S
H is the set of Sylow p-subgroups of H, it follows that H ∩ H g does not contain a Sylow p-subgroup of H. Hence the subdegree |H :
. By Sylow's Theorem, x is contained in some Sylow p-subgroup S of H, and hence each Sylow p-subgroup of H contains a conjugate of x. By Lemma 2.5 applied to the action of G on itself by conjugation, there exists g ∈ G such that (
the argument of the previous paragraph applies.
We remark that [11, Lemma 9 ] is a weaker but useful version of Lemma 2.6.
The reduction to affine and almost simple groups
In this section we prove Theorem 1.1, which states that a 3 2 -transitive group is either almost simple or affine. First we consider primitive groups preserving a Cartesian decomposition.
The group Sym(∆) wr S k acts primitively in its natural product action on the set Ω = ∆ k when |∆| 3. Suppose that G is a primitive subgroup of Sym(∆) wr S k in this action. Then the image of G under the natural homomorphism to S k is a transitive permutation group K on the set {1, . . . , k}. Let G 1 be the stabiliser in G of 1 in this action. Then G 1 Sym(∆) × (Sym(∆) wr S k−1 ) and so we have a natural homomorphism π 1 : G 1 → Sym(∆) to the first direct factor. Let H = π 1 (G 1 ) Sym(∆). By [36, (2. 2)], there exists g ∈ Sym(∆) k ∩ ker(π 1 ) such that G g H wr K and so we may assume that G H wr K. Then G 1 induces H on the set of first entries of the points of Ω. Since G is primitive on Ω, H must be primitive on ∆ and we refer to H as the primitive component of G relative to the decomposition Ω = ∆ k . Note that it may be possible to write Ω = Λ r for some r = k and such a decomposition would give rise to a different primitive component.
Lemma 3.1. Let G be a finite primitive permutation group such that G H wr S k acting in product action on Ω = ∆ k with primitive component H on ∆ and k 2. Let K S k be the image of the natural homomorphism G → S k .
(i) If H has a subdegree of length ℓ on ∆ then G has a subdegree of length ℓk on Ω.
(ii) If K has an orbit of length ℓ on the set of r-subsets of {1, . . . , k} then G has a subdegree divisible by ℓ.
Proof. Let δ ∈ ∆ and let α = (δ, . . . , δ) ∈ Ω. Then G α = G ∩ (H δ wr S k ). Let δ ′ ∈ ∆\{δ} and let γ = (δ ′ , δ, . . . , δ). Then |γ Gα | = |(δ ′ ) H δ |k and so part (i) holds. Let J ⊆ {1, . . . , k} such that |J K | = ℓ. Let γ be the element of Ω such that for each j ∈ J we have (γ) j = δ ′ and for j / ∈ J, (γ) j = δ (where (γ) j denotes the j th coordinate). For
Moreover, the set of all γ ′ ∈ γ Gα such that π(γ ′ ) = J forms a block of imprimitivity for G α on γ Gα . Hence part (ii) follows.
If a primitive group G on a set Ω cannot be embedded into a wreath product in product action (with k 2) then we call G a basic primitive permutation group. One interpretation of the O'Nan-Scott Theorem for primitive groups is that a basic primitive permutation group is either affine, almost simple or of diagonal type [16, Theorem 4.6] . By choosing an appropriate representation of Ω as a Cartesian power we may assume that the primitive component of a nonbasic primitive permutation group is one of the following three basic types:
• Affine Type: Here Ω = GF(p) k and G = N ⋊ G 0 where N is the group of all translations and G 0 is an irreducible subgroup of GL k (p). If we also insist that G is basic then G 0 is a primitive linear group, that is, does not preserve a nontrivial direct sum decomposition of the vector space.
• Almost Simple Type: Here G is isomorphic to a subgroup of Aut(T ) containing Inn(T ) for some nonabelian simple group T .
• Diagonal Type: Here G has socle N = T k for some nonabelian simple group T and k 2. Moreover, N α is a full diagonal subgroup of N . Identify T with Inn(T ). Then Ω can be identified with T k−1 , and T k G A where
and the action of A on T k−1 is given by
k−1 where t 1 = 1. Also, either G acts primitively on the set of simple direct factors of N , or k = 2 and G fixes each simple direct factor setwise.
Before dealing with groups of diagonal type we need the following lemma. Lemma 3.2. Let T be a nonabelian simple group and let p be a prime dividing |T |. Then T has a conjugacy class of size divisible by p.
Proof. Suppose that every conjugacy class in T has size coprime to p. Then every element of T is centralised by some Sylow p-subgroup of T and so given a Sylow p-subgroup S of T , C T (S) meets each conjugacy class nontrivially. Hence in the action of T on the set of cosets of C T (S) every element of T fixes some coset. Since every transitive group of degree at least 2 has a fixed point free element [16, p. 173] , it follows that C T (S) = T and so S ⊳ T . Since T is nonabelian simple it follows that S = 1, a contradiction. Hence T has a conjugacy class with size divisible by p. Lemma 3.3. Let G be a primitive permutation group of diagonal type and let p be a prime dividing |Ω|. Then G has a subdegree divisible by p.
Proof. Let N = T k be the socle of G. Then |Ω| = |T | k−1 and so p divides |T |. Moreover, Inn(T ) ⊳ G α Aut(T ) × S k . By Lemma 3.2, we can choose t ∈ T such that |t T | is divisible by p. Then as |(t, 1, . . . , 1)
Inn(T ) | = |t T | and Inn(T ) ⊳ G α it follows that G has a subdegree divisible by p.
Theorem 3.4. Let G be a primitive permutation group on a set Ω and let p be a prime such that p divides |Ω|. Then one of the following holds:
(i) G has a subdegree divisible by p, (ii) G is almost simple or affine, (iii) G H wr K acting in product action on Ω = ∆ k with primitive component H such that H is almost simple, H does not have a subdegree divisible by p and for each r k, each orbit of K on r-subsets has size coprime to p.
Proof. Suppose that G does not have a subdegree divisible by p. If G is a basic primitive permutation group then by Lemma 3.3 and the preceding remarks it follows that G is either almost simple or affine. If G H wr K in product action on Ω = ∆ k then by our remarks above we may assume that H is affine, almost simple or of diagonal type. By Lemma 3.1, H does not have a subdegree divisible by p and for each r k, each orbit of K on r-subsets has size coprime to p. Lemma 3.3 implies that H is not of diagonal type and so H is almost simple or affine. Since the wreath product of an affine group with a subgroup of S k is an affine group the result follows.
We can now prove Theorem 1.1.
Proof of Theorem 1.1: Let G be a finite primitive 3 2 -transitive group and let p be a prime dividing |Ω|. Then G does not have a subdegree divisible by p and so by Theorem 3.4, G is either affine, almost simple or G H wr S k acting on ∆ k with H almost simple and k 2. Suppose the latter holds. Let ℓ be a subdegree of H on ∆. Then since G is 3 2 -transitive, Lemma 3.1(i) implies that all subdegrees of G have size ℓk and that all suborbits of H have length ℓ. Let α = (δ, . . . , δ) ∈ ∆ k and let γ = (δ ′ , δ ′ , δ, . . . , δ) for some δ ′ = δ. Since |γ Gα | = ℓk, [26, Theorem 1.1] implies that (H, |∆|) is one of (PGL 2 (7), 21), (PGL 2 (9), 45), (M 10 , 45) or (PΓL 2 (9), 45). None of these groups is 3 2 -transitive, which implies that G is also not 
Alternating Groups
In this section we prove Theorem 4.1. The only primitive 3 2 -transitive permutation groups with socle A n (n 5) that are not 2-transitive are the groups A 7 and S 7 acting on the set of 2-subsets of a 7 element set.
Let G be an almost simple group with socle A n (n 5). Then either G is A n or S n , or n = 6 when there are three further possibilities. We shall handle the latter at the end of the section, so suppose now that G = A n or S n .
The following result on the maximal subgroups of G can be found in [16, §4.6] . Intransitive: subgroups S k × S n−k with 1 k < n/2.
Imprimitive: subgroups S k wr S n/k in imprimitive action on {1, . . . , n}.
Primitive:
where T is nonabelian simple, n = |T | k−1 ; (iv) Almost simple groups acting primitively on {1, . . . , n}.
We now embark on the proof of Theorem 4.1. We first treat the case where the point stabiliser in G is a subgroup of intransitive type. Lemma 4.3. Let G = A n or S n , where n 5, in its natural action on k-sets with k < n/2. Then G is 3 2 -transitive if and only if either k = 1, or n = 7 and k = 2. Proof. Let Ω be the set of all k-sets of {1, . . . , n} and let α = {1, . . . , k} ∈ Ω. If k = 1 then G is 2-transitive on Ω and hence 3 2 -transitive. Now assume that k 2. Then G α has k + 1 orbits on Ω. These orbits are the sets Ω i = {β ∈ Ω : |β ∩ α| = i} for 0 i k. Since for each i, there are k i subsets of α of size i, and n−k k−i subsets in the complement of α of size k − i, it follows that
2 -transitive this fraction must be equal to 1 and so (n − k − 1)(k − 1) = 4. Thus n − k − 1 = 1, 2 or 4 and k − 1 = 4, 2, 1 respectively. If k = 5, then n = 7, contradicting k < n/2. Also, if k = 3 then n = 6, another contradiction. Thus k = 2 and n = 7. Moreover, since k = 2 it follows that Ω 0 and Ω 1 are the only orbits of G α on Ω \ {α} and so G is Now we turn to the case where the point stabiliser is of imprimitive type.
Given g ∈ S n , we define the support of g as supp(g) = {i ∈ {1, . . . , n}
The minimal degree of a permutation group H is the minimal size of the support of a nontrivial element of H.
Lemma 4.6. Let G = A n or S n and let H be a primitive subgroup of G not containing A n .
(i) If n 26, then the minimal degree of H is at least 11.
(ii) If n < 26, then the transitive action of G on the right cosets of H is either 2-transitive or not 3 2 -transitive. Proof. Part (i) follows from classical results on primitive groups with small minimal degree (see [68, §15] ). Part (ii) was verified using the primitive groups library in Gap [25] .
The remaining case in the proof of Theorem 4.1 is that in which a point stabiliser in G is primitive in the natural action of degree n.
Lemma 4.7. Let G = A n or S n and let H be a primitive subgroup of G such that H does not contain A n and |H| is even. If the transitive action of G on the set of right cosets of H is Proof. By Lemma 4.6, we can assume that n 26 and the minimal degree of H is at least 11. Let x = (1 2 3 4 5) ∈ A n . Since H is primitive, and the minimal degree is at least 11, we have x / ∈ H. Let g ∈ H ∩ H x . Then g, g
. Next let y = (1 2)(3 4) ∈ A n and let g ∈ H ∩ H y . Arguing as in the previous paragraph, H1234 ||H 12345 |. Since |H| is even, it contains an element z of order two with at least six 2-cycles (for the minimal degree is at least 11). Replacing H by a conjugate if necessary, we may assume that (1 2) and (3 4) are 2-cycles of z, so z ∈ C H (y). Hence |C H (y) : H 1234 | ∈ {2, 4, 8}. Thus |C H (y)| = |C H (x)| and so |H : Proof. If p = 5 then the action is the 2-transitive action of A 5 of degree 6. If p = 7 a quick calculation shows that there are suborbits of lengths 7 and 21. Hence we may assume that p 11. Let x = (1 2 3) ∈ A p . Since H has no nontrivial elements of support at most 6 it follows from Lemma 4.5 that
Since no nontrivial element of H fixes more than one point it follows that |C H (x)| = 1 or 3. Thus H has an orbit of length p(p − 1)/2 or p(p − 1)/6 on Ω. Let g ∈ H have order (p − 1)/2 such that h has two cycles of length (p − 1)/2. Since (p − 1)/2 5, there exists y ∈ A p which normalises, but does not centralise, g . As H is self-normalising in A p and g is maximal in H it follows that H ∩ H y = g . Thus H has an orbit of length p on the set of right cosets of H and so A p is not 3 2 -transitive. We note that an alternative approach to the case where H acts primitively on {1, . . . , n} would be to use the result of [11] that the action has a regular suborbit when n > 12 and hence is not It remains to handle the extra possibilities for G when n = 6. Apart from A 6 and S 6 , the groups with socle A 6 are M 10 , PGL 2 (9) and Aut(A 6 ). These are easily checked using the Atlas [22] .
Classical Groups: Preliminaries
In this section and the next, we prove Theorem 5.1. Let G be a finite almost simple primitive permutation group on Ω with socle a classical simple group L of characteristic p. Let H be the stabiliser in G of a point in Ω.
(A) If G has no subdegrees divisible by p, then either |H| is not divisible by p or one of the following holds:
) and either |G : L| is odd or q = 4.
(ii) G = Sp 2d (2) and H = O ± 2d (2) with d 3. (iii) L and H are given in Table 3 . Table 3 . In the proof of this theorem we shall need some preliminary information on subgroups and conjugacy classes in classical groups.
, with d 3 in the last three cases and q = p f for some prime p. Let V be the natural module for G. Then there exists a cyclic subgroup T of G with order given in Table 4 such that S, T = G for every Sylow p-subgroup S of G. Moreover, T acts irreducibly on an ℓ-dimensional subspace W of V with ℓ given in Table 4 and trivially on a complement of
we can take W to be nondegenerate.
, with the additional assumption that d is odd when G = SU d (q). Let T be the intersection of G and a Singer cycle of GL(V ). Then by [6, Table  1 ], |T | is as given in Table 4 and T is irreducible. Let S ∈ Syl p (G). By Tits' Lemma 2.3, all overgroups Table 4 .
of S other than G are contained in parabolic subgroups and hence fix a subspace. So it follows that T, S = G. Suppose next that G = SU d (q) with d 4 even. Let U be a nondegenerate hyperplane in V and let x be a nonsingular vector such that U = x ⊥ . Since SU d−1 (q) G U and d − 1 is odd, it follows that G has a cyclic subgroup T of order (q d−1 + 1)/(q + 1) which acts irreducibly on U and fixes x. Let S ∈ Syl p (G). If G = S, T then S, T fixes a totally isotropic subspace W (by Tits Lemma 2.3). Since T acts irreducibly on U , we have W ∩ U = {0} and so W = u + λx for some nonzero vector u ∈ U and λ ∈ GF(q)\{0}. Since T fixes x, it follows that T fixes u, contradicting T acting irreducibly on U . Hence G = S, T .
Next suppose that G = Ω d (q) with d and q odd. Let U be a nondegenerate hyperplane upon which the restriction of the quadratic form is elliptic (i.e. of minus type) and let x be a nonsingular vector such that
/(2, q + 1) which acts irreducibly on U and fixes x. Let S ∈ Syl p (G). Then by the same argument in the previous paragraph, T, S = G.
Finally, suppose that G = Ω Proof. Since G ∩ GL(V ) is transitive on U G , we may assume that G GL(V ). As U is nondegenerate, G fixes the decomposition of V given by U ⊥ U ⊥ with U ⊥ also nondegenerate. By [34, Lemma 4. Next we present a useful lemma concerning the subdegrees of groups of Lie type in parabolic actions.
Lemma 5.5. Let G be an almost simple group with socle L of Lie type in characteristic p. Let P be a maximal parabolic subgroup of G. Exclude the following cases:
Then in its action on the cosets of P , the group G has a unique nontrivial subdegree that is a power of p.
Proof. This follows from [45, 3.9] : except in the excluded cases, the parabolic P − opposite to P is G-conjugate to P and the required suborbit is the P -orbit containing P − .
Next we present some information on conjugacy class sizes in classical groups.
Definition 5.6. Let x ∈ GL d (q) and V be a d-dimensional vector space over GF(q). Let K be the algebraic closure of GF(q) and V = V ⊗ K, a d-dimensional vector space over K. Then x acts naturally on V and we define ν(x) to be the codimension of the largest eigenspace of x on V . For x ∈ PGL d (q), we define ν(x) to be ν(x), wherex is a preimage of x in GL d (q).
We denote the lower triangular matrix 1 0 1 1 by J 2 and we use J s 2 to denote the block diagonal matrix with s copies of J 2 .
When q is even and G is a symplectic or orthogonal group the conjugacy classes of involutions are described in [4] . When G = Sp 
is the Kronecker delta function) and f i (d, s, q) as given in Tables 5 and 6 . Table 5 . Bounds on unipotent conjugacy classes for p odd
An outer automorphism of a finite simple group of Lie type can be written as the product of an inner automorphism, a diagonal automorphism, a field automorphism and a graph automorphism. We follow the conventions of [27, Definition 2.5.13] as to the definition of a field, graph or graph-field automorphism. In Table 7 , these automorphisms are referred to being of type f , g and gf respectively.
where h(d, r, q) is as given by Table 7 .
Proof. This is from [9, Lemma 3.48].
Lemma 5.9. Let L be one of the groups in the first column of Table 8 . Then the number of transvections in L is given by the second column of Table 8 . Table 6 . Bounds on unipotent conjugacy classes for p even Table 7 . Bounds on conjugacy classes of outer automorphisms 
6. Classical groups: proof of Theorem 5.1
In this section we prove Theorem 5.1. Throughout, G is an almost simple group with socle
Finally, if L is an orthogonal group we assume that d 7.
We denote the natural module of G by V and we let {v 1 , . . . , v d } be a basis for V over GF(q) (over
For classical groups with socle other than PSL d (q) it is often convenient to use bases specific to the sesquilinear form B and/or quadratic form Q, preserved by the group as follows:
and Q(y) = ζ where x 2 + x + ζ is irreducible over GF(q), an elliptic basis.
• When L = PΩ d (q) with d odd, we call a basis {e 1 , . . . ,
for all i, j and Q(x) = 0, a parabolic basis. The maximal subgroups of the classical groups are described by Aschbacher's Theorem [3] . They fall into eight families C i (1 i 8) of "geometric" subgroups, together with a further class C 9 consisting of almost simple groups in absolutely irreducible representations satisfying certain extra conditions (see [34, p3] ). We shall deal with each case H ∈ C i in a separate subsection below. There are three further cases where extra possibilities for H have to be considered -those in which G contains a graph automorphism of L = PSL d (q) or Sp 4 (q) (q even), or a triality automorphism of L = PΩ + 8 (q). These are considered at the end of the section.
Throughout, we shall use the detailed descriptions of the subgroups in the families C i which can be found in [34, Chapter 4].
6.1. Aschbacher class C 1 : Suppose H ∈ C 1 . Here H is the stabiliser of some subspace U of dimension m with 1 m d/2. If L = PSL d (q) or U is totally singular, then H has a nontrivial normal p-subgroup and so by Lemma 2.1(iv), G has a p-subdegree (i.e. a subdegree divisible by p). If G is an orthogonal group and U is a nonsingular 1-space, then the subdegrees of G are given in [5] 
and U is not totally singular, then p divides |Ω| and so the existence of a p-subdegree implies that G is not 
is another subdegree. Since |Ω 0 | and |Ω m−1 | are not equal, it follows that G has two different subdegrees and so G is not ] q we mean the Gaussian coefficient used to denote the number of i-subspaces in an m-dimensional vector space over GF(q). We have
If |H ∩ L| is divisible by p (which will happen if m > 1) then it follows that G has a subdegree divisible by p. Moreover, as p divides |Ω|, it follows that in these cases G is not Suppose next that m = 1 and that p divides |H|. Then either p divides |H ∩ L| (and hence t = 2), or H contains a field automorphism of order p. If p divides |H ∩ L| and t = 2, then we must have p = 2. In this case, let x ∈ H ∩ L ∼ = D 2(q−1) be an involution. Then |x G | = q 2 − 1 while |x G ∩ H| = q − 1. Thus by Lemma 2.6(ii), G has an even subdegree. Suppose now that p does not divide |H ∩ L| and H contains a field automorphism x of order p. Note that p must be odd and d < p. Then Lemma 5.8 implies that |x
Since |H ∩ L| is coprime to p, the Sylow p-subgroup of H is cyclic and so
Thus Lemma 2.6(ii) again yields a p-subdegree. Since |Ω| is divisible by p, it follows that if p divides |H| then G is not 
, and so G is not 
has a composition factor isomorphic to SL m (q) and (H U1 ) γ stabilises a decomposition of U 1 ). Since p divides |Ω|, G is not 6.2.2. t = 2 and U 1 , U 2 are maximal totally singular subspaces: Without loss of generality we may suppose that U 1 = e 1 , . . . , e m and U 2 = f 1 , . . . , f m with m = d/2 such that B(e i , f j ) = δ ij . Suppose first that m 3 and let W 1 = f 1 , f 2 , e 3 . . . , e m . Then U 1 ∩ W 1 has codimension 2 in U 1 and lies in the same G-orbit as U 1 . (The only time G may not be transitive on the set of maximal totally isotropic subspaces is when G is an orthogonal group of plus type. In this case, two maximal totally isotropic subspaces lie in the same orbit if and only if they intersect in an even codimension subspace.) Let W 2 = e 1 , e 2 , f 3 . . . , f m .
Hence H γ fixes the set { e 1 , e 2 , e 3 , . . . , e m , f 1 , f 2 , f 3 , . . . , f m } and so |H : H γ | is divisible by p. When m = 2, G is not orthogonal and so G is transitive on the set of m-dimensional totally isotropic subspaces. Thus let W 1 = e 1 , f 2 ∈ U G 1 . Also let W 2 = e 2 , f 1 and γ = {W 1 , W 2 } ∈ Ω. Then H γ fixes { e 1 , e 2 , f 1 , f 2 } and so p divides |H : H γ |. Thus we have found a p-subdegree in all cases and hence G is also not 3 2 -transitive as |Ω| is divisible by p.
6.2.3. G is orthogonal, t = 2 and U 1 and U 2 are nondegenerate, similar but nonisometric subspaces: Here both q and d/2 are odd. By Lemma 5.4, there exists The remaining cases to consider are where V = U 1 ⊥ U 2 ⊥ . . . ⊥ U t where the U i are isometric nondegenerate subspaces of dimension m. We break up the analysis as follows.
m
3, or m = 2 and G is unitary: Here Lemma 5.4 implies that there exists a nondegenerate subspace 
e1,f1 . Thus G has a p-subdegree and as |Ω| is divisible by p, G is not Suppose first that q is even. If each U i is hyperbolic, let W 1 = e 1 + e 2 , f 1 and
divides |γ H | and so G has an even subdegree. If each U i is elliptic, then 3 and W 3 = a 2 , b 3 . Now for both the hyperbolic and elliptic case let β ∈ Ω be the decomposition
divides |β H |. Thus if p = 3 then G has a subdegree divisible by p. For p 5, note that for each pair U i ⊥ U i+1 , with 4 i p − 1 and i even, we can find Y i , Y i+1 of the same isometry type as
p , which is divisible by p. Suppose now that p > d/2 and H contains a field automorphism x of order p. Note that since d 8 this implies that p 5 and 
H | and so let ℓ be the integer such that
2 . Now let Y 3 , Y 4 be nondegenerate 2-subspaces of U 3 , U 4 of the same isometry type as U 1 and orthogonal to each other. Then we can choose Y 3 , Y 4 so that if β ′′ ∈ Ω is the decomposition
4 . Except in the case where d/2 = 4 and ℓ = 2, we have Table 4 .2A], q = p is odd, and so if p divides |H| it follows that p d. Recall that we are assuming d 7. Let H be the stabiliser of the decomposition
By the discussion in [34, p100-101] we may assume that B(v i , v i ) = 1 for all i and hence Q(v i ) = 2 −1 . Note also that not all orthogonal decompositions of V into nonsingular 1-spaces may lie in Ω as there are two isometry types of nonsingular 1-spaces. Note also that for λ ∈ GF(p),
2 ) and so Q(v 1 + λv 2 ) = 0 if and only if λ 2 = −1. Hence the space
Suppose first that p divides |H| with p > 5. Then there exist at least three 1-dimensional subspaces of v 1 , v 2 upon which the quadratic form has the same parity as it has on v 1 . Thus there exist λ 1 , λ 2 ∈ GF(p)\{0} such that Q(λ 1 v 1 + λ 2 v 2 ) = Q(v 1 ) and hence there exists g ∈ L mapping v 1 to
for some µ 1 , µ 2 = 0, and this subspace has a decomposition x 1 ⊥ x 2 with Q(
Suppose next that p = 5. Since d 7, |H| is divisible by 5. In this case Q(v 1 ) = 2 −1 = 3, which is a nonsquare. Hence if Q(x) is a nonsquare then x ∈ v 1 G . The nonsquares in GF(5) are 2 and 3. Let
and Q(x 4 ) = 2, and so
for all i, and so
Thus if p divides |H| we have found a p-subdegree and so as p divides |Ω|, it follows that G is not 
where y 1 , y 2 are nonsingular elements of v 4 + v 5 , v 5 + v 6 . Then |γ H | is divisible by 10 d 6 , which is even. Hence if d > 3, G has a subdegree divisible by p = 2. Now let d = 3 and let x ∈ H ∩ L be an involution. Then by Lemma 5.9, |x G | = (q − 1)(q 3 + 1) while |x G ∩ H| = 3(q + 1). Hence for q 8, Lemma 2.6 implies that G has an even subdegree. If q = 4, a Magma calculation shows that L has a subdegree equal to 150. Hence for all even q 4, G has an even subdegree (note that (d, q) = (3, 2)).
Next suppose that p is odd and p d. 
Then has a cyclic subgroup T such that for S ∈ Syl p (H), we have H 0 S, T . Now T fixes a nondegenerate GF(q 2 )-hyperplane and acts trivially on its perp. Thus T fixes a GF(q)-subspace of codimension 2 and acts trivially on its perp. Hence N H (T ) < N G (T ) and so Lemma 2.2 implies that G has a subdegree divisible by p.
Since |Ω| is always divisible by p and G has a p-subdegree, it follows that G is not (1) G has no even subdegrees if and only if the index |G : L| is odd.
(2) G is strongly Proof. We work with characters of L -the character theory for the groups PSL 2 (q) is very well known, and so is the action of the outer automorphisms on the irreducible characters (see, eg, [24, p500] ). We supply details for completeness.
There are precisely k = (q − 2)/2 irreducible characters of L of degree q + 1. We denote these by χ j . The permutation character of our action of L is π = 1 + χ 1 + · · · + χ k : to check that the multiplicity of each χ j is 1, it is enough by Frobenius reciprocity to check that the sum of χ j (h) over h ∈ H ∩ L equals 2(q + 1); this is clear, since the value of χ j on the q + 1 involutions is 1, and on all nontrivial elements of order dividing q + 1 is 0. The assertion now follows by comparing the degrees of π and the character sum on the right. It now follows that L is always strongly We now consider the outer automorphisms of L. The outer automorphism group is cyclic of order f , and we can choose the representative σ of the generating coset of the group of inner automorphisms in the automorphism group in the usual way as the generator of the group of automorphisms induced by the Galois group of the field GF(q)
2 , and its action on the set {χ 1 , . . . , χ k } is equivalent to the action of the generator of the Galois group sending ρ to ρ 2 . All the assertions now follow easily, noting in addition that the number of orbits of any outer automorphism of L on the set of nontrivial (H ∩ L)-orbits in this action equals the number of orbits on the set {χ 1 , . . . , χ k }.
(1) If |G : L| is odd, all subdegrees of G are odd, since this is true of L and the outer automorphisms present in G have odd order. Hence G has no even subdegrees.
If |G : L| is even, an involutory outer automorphism in G will act nontrivially on the set {χ 1 , . . . , χ k } and hence will fuse two of the L-suborbits, so G will have an even subdegree.
(2) and (3). If f is prime, σ will act semiregularly on the set {χ 1 , . . . , χ k }, whence G is strongly 2 -transitive, then σ must be semiregular on the set of (H ∩ L)-orbits, whence it must be semiregular also on the set {χ 1 , . . . , χ k }, and hence as a Galois automorphism of GF(q). It follows that f is a prime.
We remark that it is not hard to find an explicit G-invariant correspondence between the set of orbitals of the action of L on the sets of H-cosets and GF(q), making the action of σ quite explicit. This was done in much more generality by Inglis [32] (note that PSL 2 (q) = Sp 2 (q) and the maximal dihedral subgroups of PSL 2 (q) are the orthogonal groups O We first look for p-subdegrees. Recall Definition 5.6 of ν(x) for an element x ∈ PGL d (q). 
2 < |x G | and so by Lemma 2.6(ii), G has a subdegree divisible by p. Finally, let x be a graph automorphism of order 2. By [4, (19.9) ], C L (x) = PSO 3 (q) and so |x L | = q 2 (q 3 − ǫ)/(3, q − ǫ). Moreover, |x G ∩ H| < q 2 + ǫq + 1 and so for q 8 or (q, ǫ) = (4, −), Lemma 2.6(ii) implies that G has a subdegree divisible by p . This leaves us to consider G = PSL 3 (2).2 of degree 8, and primitive groups of degree 960 with socle L = PSL 3 (4) (note that (q, ǫ) = (2, −)). The first has subdegrees 1 and 7 and so does not have an even subdegree. A Magma [7] calculation shows that all groups in the second case with an even order point stabiliser have an even subdegree.
Finally we deal with the case where d = 2 and so L = PSL 2 (q). Recall that q = p f is odd. If p divides |H| then H contains a field automorphism x of order p and in particular, p divides f . Then C L (x) = PSL 2 (q 1/p ) and so |x G | > q
Since the Sylow p-subgroup of H is cyclic, it contains a unique conjugacy class of subgroups of order p and so |x
Thus Lemma 2.6(ii) implies that G has a subdegree divisible by p. 
To deal with
. Since d divides y it is coprime to q and so d divides q − ǫ. If q ≡ ad + ǫ (mod d
2 ) then using the Binomial expansion we see that for each r, q r ≡ (ǫ) r + rad(ǫ)
Lemma 6.5. Let G be an almost simple group with socle L = PSL ǫ d (q) and H be as above with
2 -transitive unless L = PSL 3 (2) acting 2-transitively of degree 8. Proof. Since p divides |Ω| in all cases, if G has a p-subdegree then G is not 
Note that for M C ℓ with M nontrivial, Lemma 6.4 implies that |M | is coprime to d and so as 38 . Thus G is not 3 2 -transitive in this case also. Suppose now that d = 2 and q is odd. Then H ∩ L ∼ = D q+1 . Suppose first that (q + 1)/2 is odd. Then |H| and |Ω| are even. Let x ∈ H ∩ L have order 2. Then |x G | = q(q + 1)/2 while |x G ∩ H| = (q + 1)/2. It follows from Lemma 2.6(ii) that G has an even subdegree and so G is not 3 2 -transitive. Suppose now that (q + 1)/2 is even. Then H is the centraliser of an involution and for each g ∈ G\H we have
. Now H ∩ L contains (q + 3)/2 involutions and so each involution is contained in (q + 3)/2 conjugates of H. The number of conjugates of H containing an involution of H ∩ L is at most (q + 3) 2 /4. Then since there are q(q − 1)/2 conjugates of H and q(q − 1)/2 > (q + 3) 2 /4 for q 11, it follows that in these cases there exists g ∈ G\H such that H ∩ H g ∩ L = 1, and hence a subdegree divisible by q + 1. A Magma [7] calculation verifies the existence of such a subdegree for q = 7. Since q + 1 does not divide |Ω| − 1 it follows that G is not g 2 ) ∈ GL(U )⊗GL(W ) then ν(g) max{aν(g 2 ), bν(g 1 )}, with ν as in Definition 5.6. Moreover, if g 1 has order p and g 2 = 1 then ν(g) = bν(g 1 ) and similarly, if g 2 has order p and g 1 = 1 then ν(g) = aν(g 2 ).
By [34, Table 4 .4A] the possibilities for G and H are as follows:
(1) G with socle PSL d (q) and H of type GL a (q) ⊗ GL b (q) with a < b, (2) G a unitary group and H of type U a (q) ⊗ U b (q) with a < b, 
Since b 3, it follows from Lemma 2.6(ii) that G has a subdegree divisible by p.
Next suppose that G is a symplectic group and H is of type Sp a (q) ⊗ O T, S . If ǫ = + then T centralises a 2-subspace of W and hence a 2a-subspace of V . Thus N H (T ) < N G (T ). If ǫ = −, then T acts irreducibly on W and preserves a direct sum decomposition of V into a totally singular subspaces of V each with dimension b. Now T is irreducible on each subspace in the decomposition and |T | is at most q b/2 + 1. Thus T is centralised by an element of order q b − 1 which also fixes this decomposition and is not in H. Thus by Lemma 2.2, G has a subdegree divisible by p.
Next suppose that G is of type O + and H is of type Sp a (q) ⊗ Sp b (q) with a < b. Let g = (1, x) ∈ H of order p where ν(x) = 1. Then ν(g) = a and h ∈ g G ∩H if and only if h = (1, x 1 ) for some x 1 ∈ x Sp b (q) with ν(x 1 ) = 1. By Proposition 5.7, |g G | > 4, Lemma 2.6(ii) implies that G has a subdegree divisible by p except when (a, b) = (2, 4). In this case, [3, (15.1) ] implies that H is conjugate under a triality automorphism to the stabiliser of a nondegenerate 3-space when q is odd, while when q is even H is conjugate to a subgroup of the stabiliser of a nonsingular 1-space. Hence we have already seen that there is a subdegree divisible by p.
Finally suppose that G is an orthogonal group and H is of type O , |g G ∩ H| < 2q 2b−4 < q 2b−3 . Since a, b 3, it follows from Lemma 2.6(ii) that G has a subdegree divisible by p. It remains to consider the case a = b and ǫ 1 = ǫ 2 . Note this implies that a is even. If (x 1 , x 2 ) ∈ g G ∩ H then ν(x i ) ∈ {0, 2}. Thus |g G ∩ H| < q 4b−6 . Again, as a = b 4, Lemma 2.6(ii) yields a p-subdegree.
In all cases we have found a p-subdegree and so as p divides |Ω|, G is not 6.5. Aschbacher class C 5 : Here H is the stabiliser of a subfield structure for a subfield GF(q 0 ) where q = q r 0 with r a prime. Descriptions of these groups can be found in [34, §4.5]. Suppose first that H is of the same Lie type as G and we initially exclude the cases where L = PSL 2 (q) and PSU 3 (q) with H of the form PSL 2 (3) and PSU 3 (2) respectively. Note also that if d = 2 then q 0 = 2. Then H has a weakly closed normal subgroup H 0 which is an insoluble classical group. By Proposition 5.2, there exists a cyclic subgroup T of order given by Table 4 , with q replaced by q 0 such that given a Sylow p-subgroup S of H, H 0 T, S . Moreover, T is centralised by the subgroup T of G given by Proposition 5.2. Hence N H (T ) < N G (T ) and so by Lemma 2.2, G has a subdegree divisible by p. Now let L = PSL 2 (q) and q 0 = 3. Let x ∈ H be a transvection. Then |x G | 1 2 (q 2 − 1) while |x G ∩ H| 8. It follows from Lemma 2.6(ii) that when q 27, the group G has a subdegree divisible by p. When q = 9, a Magma [7] calculation verifies that there is a subdegree of size 6. For L = PSU 3 (q), q even, and H ∩ L = PSU 3 (2) ∼ = 3 2 : Q 8 , let x ∈ H ∩ L be an involution. Note also that r is odd [34, §4.5], so q 8. Then |x G ∩ H| = 9 while by Proposition 5.7, |x
Hence by Lemma 2.6(ii), G has a subdegree divisible by p = 2.
Next suppose that H is of a different Lie type to G. Then by [34, Table 4 .5A] the possibilities are:
Then if q is odd and H is not of type
, H contains a weakly closed normal subgroup H 0 which is a nonlinear classical group and by [43] , |G : H| is even. Hence by Lemma 2.4, G has a subdegree divisible by p.
If L = PSU 3 (3) and H ∩ L ∼ = PSO 3 (3) we see from [22, p14] that H is not maximal in G. Similarly, for L = PSU 4 (3) and H ∩ L ∼ = PSO + 4 (3).2, [22, p52] shows that H is not maximal in G. Next suppose that L = PSU d (q) for q even and H = PSp d (q) (see [34, Proposition 4.5.6] ). By Proposition 5.2, H has a cyclic subgroup T of order q d/2 + 1 such that H = S, T for any Sylow 2-subgroup S of H. Now T is self-centralising in H but we claim that T is contained in a torus T of order In all cases we have found a p-subdegree and |Ω| is divisible by p. Hence G is not . Moreover, q = p 5 and so p does not divide |H|. We note first that if p = 5 or 7 then G is 2-transitive and so we assume that q 11. Let x ∈ H have order 3 and note that 3 divides either q − 1 or q + 1. Then |x G | = q(q ± 1) while |x G ∩ H| = 8. Hence by Lemma 2.6(ii), G has a subdegree divisible by 3. Let S be a Sylow 3-subgroup of H. Then N H (S) S 3 while S 3 < D q−ǫ N G (S). Thus there exists g ∈ G\H such that S H ∩ H g and so G also has a subdegree not divisible by 3, showing that G is not 
. Sp 6 (2) and so for q 7, we have |x
Thus Lemma 2.6(ii) once again yields a p-subdegree. It remains to consider (ǫ, d, q) = (+, 8, 5) or (−, 8, 3 ). When q = 3, Gap [25] calculations show that H ∩ L contains precisely 143360 elements x of order 3 with ν(x) = 5. By Proposition 5.7, for such an element x we have |x L | > 3 37 > |x L ∩ H| 2 and so Lemma 2.6 implies the existence of a subdegree divisible by p = 3. When q = 5, Gap [25] calculations show that there is a regular suborbit and hence one divisible by p = 5. (In both the p = 3 and 5 cases we can construct H ∩ L using the algorithm outlined in [30, Section 9] . To find the existence of a regular suborbit we simply choose random elements g ∈ L until we find one with
, and so if |H ∩ L| is divisible by p then either ǫ = + and p = 5, or ǫ = − and p = 3. For L = PSL 4 (5), we have H ∩ L = 2 4 .A 6 and using Magma [7] we see that the subdegrees for L are 2 -transitive, note that H has a normal 2-subgroup and so Lemma 2.1(iv) implies that G has an even subdegree. By [43] , |Ω| is even and hence G is not We now consider 3 2 -transitivity. For q even we have just shown that we can always find an even subdegree. Since |Ω| is even this implies that G is not 3 2 -transitive. Hence we may assume that q is odd. Suppose first that d = r = 3 and q ≡ ǫ4, ǫ7 (mod 9). Here
There is a unique conjugacy class of involutions in PSL ǫ 3 (q) and
, it follows that |x G | > |x G ∩ H| 2 and so Lemma 2.6(ii) implies that there is an even subdegree. By [43] , |Ω| is even and so G is not 
Thus |H ∩ L| 2 < q 4(2m (2) . Suppose that p divides |H|. Then p divides |H ∩ L| and so let x ∈ H ∩ L have order p. By [3, p512] , if m = 3 such subgroups are conjugate under a triality automorphism to the stabiliser of a 1-space decomposition and so this case has already been dealt with in Section 6.2. Thus we may assume that 1(iv) implies that G has an even subdegree and by [43] , |Ω| is even. 6.7. Aschbacher class C 7 : Here H is the stabiliser of a tensor product decomposition V = U 1 ⊗ U 2 ⊗ · · · ⊗ U t where each U i has dimension m and d = m t with t 2. Descriptions of the groups can be found in [34, §4.7] .
Suppose first that Tables 3.5A  and 3 .5E], m 3 and when G is orthogonal q is odd. Let x = ([J 3 , I m−3 ], I m , . . . , I m ) ∈ H ∩ L, where
Then ν(x) = 2m t−1 and so by Proposition 5.7,
if and only if 6 < (2m t−1 − 1)/2. Thus for t 3 or t = 2 and m 7 we have that |x G | > |H ∩ L| 2 and so by Lemma 2.6 we have a subdegree divisible by p. For t = 2 we in fact have that |H ∩ L| < 2q (q)| < q 7 we are then able to show that in the remaining orthogonal cases we also have |x G | > |H ∩ L| 2 . For L = PSL 16 (q) note that by Proposition 5.7 we actually have |x G | > q 126 and this yields |x
Then ν(x) = 3 and by Proposition 5.7 we have |x G | > q 34 . Now if y ∈ x G ∩ H then either y = (g 1 , g 2 ) where g i ∈ GL 3 (q) and is a transvection or the identity, or y = (g, g −1 )σ where g ∈ GL 3 (q) and σ interchanges the two factors of the tensor decomposition. Hence by Lemma 5.9 we have |x
and so by Lemma 2.6 there exists a subdegree divisible by p. Table 3 .5C], if t = 2 then L = PΩ + d (q). Since d 8 in this case it follows that m = 2. When (m, t) = (4, 2) we in fact have that |H ∩ L| < q 21 while |x G | > q 42 and so we can again use Lemma 2.6 to find a subdegree divisible by p. We are left to consider the case where m = 2 and t = 3. By [34, Tables  3.5C and 3 .5E] we have that L = PSp 8 (q) when q is odd and PΩ + 8 (q) when q is even. However, when q is even [3] implies that H is not maximal in G. Hence q is odd. Then Proposition 5.7 implies that |x G | > q 30 while |H ∩ L| < 6q 9 < q 11 . Hence |x L | > |H ∩ L| 2 and Lemma 2.6 implies the existence of a subdegree divisible by p.
This leaves us to consider the case where L = PSU d (q). By [34, Table 3 .5B] we have m 3.
t−1 and so by Proposition 5.7, |x G | > q and hence |x G | > |H ∩ L| 2 for m 3. Hence Lemma 2.6 implies that there is a subdegree divisible by p. In all cases we have found a subdegree divisible by p and so as p divides |Ω| (Lemma 2.3 ) it follows that G is not We see that in each example above, G has a subdegree divisible by p, and G is not 3 2 -transitive. Moreover, any overgroup will also have an even subdegree and a subdegree divisible by p, so will not be From now on we may assume that H is insoluble. Let S be a Sylow p-subgroup of G. By Proposition 5.2, we can find a cyclic subgroup T of H which is either irreducible on V , or acts irreducibly on a hyperplane or codimension 2 subspace and trivially on the perp, such that S, T contains a weakly closed normal subgroup of H. Moreover, we easily see that N H (T ) < N G (T ) and so Lemma 2.2 implies that there is a subdegree divisible by p. Since |Ω| is divisible by p, it follows that G is not 6.9. C 9 groups. We use the following theorem of Burness, Guralnick and Saxl [10] . Theorem 6.6. Let G be an almost simple classical group with socle L and let H ∈ C 9 . Moreover, we suppose that L is not isomorphic to an alternating group and the action of G on the set of right cosets of H is not permutation isomorphic to a classical group acting on the set of right cosets of a C i -subgroup with 1 i 8. Then either the action of G on the set of cosets of H has a regular suborbit or (L, H ∩ L) is given by Table 9 .
We note that since G is not a Frobenius group, the existence of a regular suborbit implies that G is not 3 2 -transitive. Moreover, if p divides |H| then the regular suborbit has length divisible by p. The C 9 -subgroups excluded by hypothesis from Theorem 6.6 are listed in [10, Table 2 ]. When the action of G is isomorphic to a classical group with a C i -action for i 8, the classical group has the same characteristic as G, so 3 2 -transitivity and the existence of a subdegree divisible by p has already been determined in the previous sections. When L is isomorphic to an alternating group, since Section 4 has already considered when such groups can be 3 2 -transitive, it remains to check for p-subdegrees. The actions under consideration here are when L = PSL 2 (9) of degree 6 on the set of cosets of N G (A 5 ), and L = PSL 4 (2) of degree 8 on the cosets of N G (A 7 ). Both groups are 2-transitive and the unique nontrivial subdegree is not divisible by p. These provide the examples in lines 4 and 5 of Table 3 in Theorem 5.1(A). Table 9 . C 9 actions without a regular suborbit It remains to consider the actions listed in Table 9 . The subdegrees for the infinite families are given in [41, Proposition 2] and [37, Theorem A], and we see that there are subdegrees divisible by p and that G is not 3 2 -transitive. For the remaining cases, the subdegrees were calculated using Magma and are given in Table 9 . The table shows that there are p-subdegrees in all cases where p divides |H| except for L = PSU 3 (5) acting on A 7 , which is in line 3 of Table 3 of Theorem 5.1(A). Moreover, none of the groups are 
Hence |H : H y | is divisible by p and as p divides |Ω|, it follows that G is not
Finally, let m < d/2 and let Ω be the set of pairs of subspaces (U, W ) of complementary dimensions with dim(U ) = m and U < W . By Lemma 5.5, there is a unique subdegree which is a power of p. Since G is not 2-transitive, it is not 3 2 -transitive. 6.10.2. 4-dimensional symplectic groups. When q is even, Sp 4 (q) has a graph automorphism which interchanges totally isotropic 1-spaces and totally isotropic 2-spaces. Since Sp 4 (2)
′ ∼ = A 6 we have already checked for 3 2 -transitivity in this case. It is straighforward to check that for all primitive groups with socle Sp 4 (2) ′ the only ones with no even subdegrees are those of degrees 6 and 10, and these correspond to H being an orthogonal group, that is, we have the examples in lines 1 and 2 of Table 3 in Theorem 5.1(A). From now on we assume that q > 2. Aschbacher [3] gives three further classes of maximal subgroups of a group G with socle L = PSp 4 (q) for q > 2 even, and containing a graph automorphism. These are as follows:
(1) C ′ 1 : stabilisers of pairs {U, W } of subspaces of V such that U is a totally isotropic 1-space and W is a totally isotropic 2-space containing U . 
, then H has a normal 2-subgroup and so by Lemma 2.1(iv), G has an even subdegree. However, |Ω| is odd so to show that G is not 3 2 -transitive we find two distinct subdegrees as follows. Let {e 1 , e 2 , f 1 , f 2 } be a symplectic basis for V and suppose that H is the stabiliser of x = { e 1 , e 1 , e 2 }. Then
Let y = { e 2 , e 1 , e 2 }. Then |G x : G xy | = 2q as G xy can no longer interchange e 1 and e 1 , e 2 . Next let z = { e 1 + e 2 , e 1 + e 2 , f 1 + f 2 }. If g ∈ L xz maps e 1 to λ 1 e 1 and e 2 to µe 1 + λ 2 e 2 we must have that
L xz | and hence also |G x : G xz |. Since q > 2 it follows that G is not 
wr S 2 which contains at most (q + 1) 2 + 2(q + 1) = (q + 1)(q + 3) involutions. Since q > 2, it follows from Lemma 2.6(ii) that G has an even subdegree. Since |Ω| is even, G is not . Here H ∩ L is contained in the extension field subgroup Sp 2 (q 2 ).2 and H ∩ L = C q 2 +1 ⋊ C 4 . Let x ∈ H ∩ L be an involution. Then x is an involution of Sp 2 (q 2 ). Letting {e 1 , f 1 } be a symplectic basis for V over GF(q 2 ) we may assume that x interchanges e 1 and f 1 . If B : V × V → GF(q 2 ) is the GF(q 2 )-alternating form preserved by H ∩ L then we can take B = T r q 2 →q • B : V × V → GF(q) to be the GF(q)-alternating form. Given µ ∈ GF(q 2 )\ GF(q) we have T r(µ 2 ) = 0. Thus as an element of Sp 4 (q) we have that ν(x) = 2 and x maps µe 1 to µf 1 with B(µe 1 , µf 1 ) = T r(µ 2 ) = 0. Hence by [4, (7.6) ], x is of type c 2 . Thus Proposition 5.7 implies that |x
(ii) implies that G has an even subdegree. Since |Ω| is even, G is not (q) has a graph automorphism of order three which permutes the set of totally singular 1-spaces and the two classes of maximal totally singular 4-spaces. Any automorphism of G that induces a permutation of order three on the corresponding three classes of subgroups is called a triality automorphism. If G is an almost simple group with socle L and contains such a triality automorphism then there are several extra families of maximal subgroups that we need to consider. These are given in [35] and are as follows. We let d = (2, q − 1).
(1) G {U,X,W } where U is a totally singular 1-space, X and W are totally singular 4-spaces with dim(X ∩ W ) = 3, and
, where N 1 is the intersection of the stabiliser in L of an anisotropic 2-space with the normaliser in L of an irreducible SU 4 (q). The preimage of
, where N 2 is the intersection of the stabiliser in L of a hyperbolic line e 1 , f 1 and the stabiliser in L of a decomposition of V into two totally singular 4-spaces containing e 1 and f 1 respectively. Moreover, q = 2. The preimage of (2) then H ∩ L = G 2 (q) < PΩ 7 (q) < L. It was seen in Table 9 , that PΩ 7 (q) in its action on cosets of G 2 (q) has a subdegree divisible by p and so by Lemma 2.1(ii), so does L and hence G also. Hence G is not If H is as in case (3), note that N 1 = L ∩ H < R < L, where R is a 4-dimensional unitary group whose matrices have entries from GF(q 2 ). Moreover, the action of R on the set of cosets of N 1 in R is the primitive action of R on nondegenerate 1-spaces over GF(q 2 ). We have already seen in Section 6.1 that this action of R has a subdegree divisible by p and so by Lemma 2.1(ii), L, and hence G, has a subdegree divisible by p. Since p divides |Ω| it follows that G is not (4), note that N 2 = L ∩ H < R < L, where R is the stabiliser in L of a hyperbolic line. Moreover, the action of R on the set of cosets of N 2 is equivalent to the primitive action of O + 6 (q) on decompositions of a 6-dimensional vector space into complementary totally singular 3-spaces. We have already seen in Section 6.2 that this action of R has a subdegree divisible by p and so be Lemma 2.1(ii), L, and hence G, has a subdegree divisible by p. Since p divides |Ω| it follows that G is not Since H ∩ L contains at most (q 2 + 1) 2 .4 involutions it follows from Lemma 2.6(ii) that for q 8, G has a subdegree divisible by p = 2. For q = 4, a Magma [7] calculation shows that H ∩ L contains only 391 involutions while there is an involution x ∈ H ∩ L such that |x L | = 16707600. Lemma 2.6(ii) then yields a subdegree divisible by p. For q = 2, a similar calculation reveals that H ∩ L contains 55 involutions and contains an involution x such that x L = 3780. Again, Lemma 2.6(ii) yields a subdegree divisible by p. Next suppose that p is odd and H contains an outer automorphism x of order p. Then by Lemma 5.8, |x
Thus Lemma 2.6(ii) implies that G has a subdegree divisible by p. Since |Ω| is divisible by p this implies that if |H| is divisible by p then G is not (5)) then p is odd, and p = 3 as H contains a triality. Let x ∈ H ∩ L be an involution. We see in the proof of [35, Proposition 3.3.1] that N 3 is a subgroup of (Ω and by Lemma 2.1(ii) these are also subdegrees of L acting on Ω. Thus G is not 3 2 -transitive. Moreover, if p divides |H| then p = 3 or 7 and G has a subdegree divisible by p.
Exceptional Groups of Lie Type
In this section we prove Theorems 1.2 and 1.3 for almost simple groups of exceptional Lie type.
Theorem 7.1. Let G be an almost simple group with socle an exceptional group of Lie type in characteristic p. Suppose that G acts primitively on a set Ω with point stabiliser H, and assume p divides |H|. Then one of the following holds:
(1) G has a subdegree which is divisible by p.
(Here the subdegrees are 1, 27.)
′ , |Ω| = 36, H = PSL 3 (2) and G = L. (Here the subdegrees are 1, 7, 7, 21.) ′ of degree 28.
Note that 2 G 2 (3) ′ = PSL 2 (8) so this case is recorded in part (iii) of Theorem 1.2. In this section we will use Lie notation for classical groups instead of the notation used previously, for example L n (q) denotes PSL n (q) and U n (q) denotes PSU n (q). We also use Alt n and Sym n to denote Table 10 . Bounds for unipotent class sizes in exceptional groups Table 11 . Bounds for class sizes of long root elements in classical groups
the alternating and symmetric group of degree n to avoid confusion with the group A n (q) of Lie type. Moreover, for a group G of Lie type we use W (G) to denote the Weyl group of G and G 0 to denote the socle of G. For a finite group X, soc(X) denotes the socle of X. The next two lemmas give bounds for the sizes of certain unipotent classes in groups of Lie type. The first follows from the determination of unipotent classes in exceptional groups of Lie type (see [54, 55] , and [47] for complete information), and the second from elementary calculations in classical groups. Lemma 7.3. Let G = G(q), q = p a be a simple exceptional group of Lie type. Let u α be a long root element of G, and let u be a non-identity unipotent element of G which is not a long root element (or a short root element when (G, p) = (F 4 (q), 2) or (G 2 (q), 3)). Then bounds for the sizes of the classes u G α and u G are given in Table 10 .
Lemma 7.4. Let G = G(q), q = p a be a simple classical group, and let u α be a long root element of G. Upper bounds for the size of the class u G α are given in Table 11 . Moreover, if p = 2 and G = SO ǫ 2n (q) (n 2, ǫ = ±), then the number of reflections in G is q n−1 (q n − ǫ).
Lemma 7.5. Let G = G(q), q = p a be a simple exceptional group of Lie type. Suppose p > 2 and there is an outer automorphism φ of G of order p. Then one of the following holds:
(i) φ is a field automorphism with centralizer G(q 1/p ); (ii) G = 3 D 4 (q), p = 3 and φ is a graph automorphism with centralizer G 2 (q) or q 5 .A 1 (q).
Proof. This follows from [27, Section 4.9].
We shall need the following result concerning the maximal subgroups of exceptional groups of Lie type. This is an amalgamation of results from several papers, taken from [50, Theorem 8] , where references can be found. In part (vii),Ḡ denotes a simple algebraic group over GF(q) of the same type as G, and σ a Frobenius morphism ofḠ such that G 0 =Ḡ ′ σ . Lemma 7.6. Let G be an almost simple group with socle G 0 = G(q) (q = p a ) an exceptional group of Lie type over GF(q), and let H be a maximal subgroup of G. Then one of the following holds. 7.2. Classifying p-subdegrees. In this section we prove Theorem 7.1. Let G be an almost simple group with socle G 0 = G(q) (q = p a ) an exceptional group of Lie type in characteristic p. Let G act primitively on a set Ω, let H = G α where α ∈ Ω, and suppose that p divides |H|. Now H is a maximal subgroup of G. We treat the various possibilities for H given by Lemma 7.6.
We first deal with
Lemma 7.7. Theorem 7.1 holds when
Proof. The subdegrees for all the primitive actions of 2 F 4 (2) ′ were determined by Gap [25] calculations and are given in Table 13 . In each case there is an even subdegree. By [22, p74] From now on assume that
′ . In view of Lemma 2.6(ii), in proving Theorem 7.1 we may assume that for any non-identity p-element u ∈ H, we have 
Lemma 7.8. Theorem 7.1 holds if H is a parabolic subgroup of G.
Proof. This holds by Lemma 2.1(iv).
The next two lemmas deal with the proof of Theorem 7.1 in the case where H is a subgroup of maximal rank, as in (ii) of Lemma 7.6. The lists of maximal subgroups of maximal rank can be found in Tables  5.1 and 5.2 of [46] : the subgroups in Table 5 .2 are normalizers of maximal tori in G, and those in Table  5 .1 are not. It is convenient to handle these cases separately.
Lemma 7.9. Theorem 7.1 holds if H is a subgroup of maximal rank which is not the normalizer of a maximal torus.
Proof. Here H is as in [46, 
except in the following cases:
Hence by Lemma 2.6(ii) we may assume that one of these cases holds.
Consider the case where
If we let T be a subsystem subgroup
Also for any Sylow p-subgroup S of H, T, S contains the factor E 7 (q) of H 0 by Lemma 2.3. Hence G has a subdegree divisible by p, by Lemma 2.2.
Next let
In the latter case we take T to be a subgroup 2 A 5 (q) of the D 6 factor; then C G (T ) contains a subgroup 2 A 2 (q) not lying in H, and the argument of the previous paragraph applies. And when H 0 = E ǫ 6 (q) · (q − ǫ), define T to be a subgroup F 4 (q) of H 0 , and note that C G (T ) contains a subgroup A 1 (q) (see [48, 4.6] ), whereas C H (T ) does not, provided (q, ǫ) = (2, −). Thus with this exception, Lemma 2.2 again gives the conclusion. If (q, ǫ) = (2, −), then 
Moreover T lies in no parabolic subgroup of H, and hence S, T contains 3.
2 E 6 (2) for any Sylow 2-subgroup S of H, by Lemma 2.3. Now Lemma 2.2 gives the conclusion.
For ǫ = − take T to be a maximal torus of order (q + 1) 6 in H (or of index (3, q + 1) in this), and apply Lemma 2.2 with the characteristic p. Now suppose ǫ = +,
There is a subgroup D = D 4 (q) of H such that Z(D) = t, u , where u is a conjugate of t. Then C H (t, u) is a 2-point stabiliser and the subdegree |H : C H (t, u)| is divisible by p, as required. If q is even, note that G contains a graph automorphism, since otherwise H lies in a parabolic subgroup. Let T be a maximal torus in H of order (q 5 − 1)(q − 1) (or of index (3, q − 1) in this), lying in an A 5 Levi subgroup. This torus is not normalized by a graph involution of D 5 (q), whereas N G (T )/T does contain a involution (see [19] ). Hence N G (T ) H, and so T lies in a 2 point stabiliser H ∩ H g for some g ∈ G. If the subdegree |H : H ∩ H g | is odd, then H ∩ H g must contain the derived subgroup of an A 4 (q)-parabolic of H. However such a parabolic is not normalized by a graph involution of D 5 (q), so since H contains such a graph involution, it follows that |H : H ∩ H g | is even anyway.
A 2 (q) or A 2 (q) respectively. In the first case T is a maximal torus and N G (T ) induces W (F 4 ) on T , so N G (T ) H; and in the second and third cases N G (T ) contains
H. Now the conclusion follows from Lemma 2.2. 
, then for an element u ∈ H 0 of order 3 we have |u G | = 1 2 q(q 3 + 1)(q − 1) (see [67] ), while |u G ∩ H| = q 2 − 1, so again Lemma 2.6(ii) gives the result.
Lemma 7.10. Theorem 7.1 holds if H is the normalizer of a maximal torus.
Consider the case where G 0 = E 7 (q), q = 2 and H = 3 7 .W (E 7 ). Here H has an element x of order 8. Inspection of [55] shows that the smallest class of elements of order 8 in G is the class labelled D 4 (a 1 ), which has size greater than q 94 /6. However |H| = 3 7 |W (E 7 )| < 2 34 < 2 47 / √ 6, a contradiction. The cases in the table with G 0 = E ǫ 6 (q) are handled similarly, using an element of order 8 in H (if q = 2, ǫ = −), an element of order 4 (if q = 2, ǫ = +), an element of order 9 (if q = 3), and [54] for the classes of G. Likewise, for G = F 4 (q), q = 2, we use an element of order 4 in H, together with [22] for the classes.
Finally, in the case where G 0 = 2 B 2 (q), pick an element u of order 2 or 4 in H and observe using 7.3 that |u G ∩ H| < |u G | 1/2 . This completes the proof.
Lemma 7.11. Theorem 7.1 holds if H is as in Lemma 7.6(iii).
Proof. Here H 0 = soc(H) is as in Table 12 . In all cases H contains a unipotent element u which is not a long root element. By Lemma 7.3 and our assumption that |u G | < |u G ∩ H| 2 < |H| 2 , we see that H is as in the following table:
G 0 possibilities for H 0 E 8 (q) G 2 (q)F 4 (q) E 7 (q) G 2 (q)C 3 (q), A 1 (q)F 4 (q) E Suppose finally that G 0 = 3 D 4 (q). If H 0 = G 2 (q), let T be a subsystem subgroup SL 3 (q) of H 0 . Then N G (T ) H as G has an element of order q 2 + q + 1 centralizing T , so the result follows from Lemma 2.2. Now consider H 0 = A ǫ 2 (q). We may assume that p = 2 by Lemma 2.4. Let u ∈ H 0 be an involution which is not a long root element of G, so that |u G | > q 16 by Lemma 7.3. Then |u G ∩ H| is certainly no more than the total number of involutions in H 0 , which is at most 2(q 5 + q 4 ) by [38, 1.3] . Hence again
Lemma 7.12. Theorem 7.1 holds if H is as in Lemma 7.6(iv).
Proof. Here H has socle H 0 = G(q 0 ), a group of the same type as G (possibly twisted) over a subfield GF(q 0 ) of GF(q). We take T to be a maximal torus of H as in the following table (for the existence of T , see [18] ). The table also gives a primitive prime divisor (q 0 ) r of q we use the argument of the previous paragraph, taking r = 2. For G = F 4 (p) we also use this argument with r = 2, noting that |s G ∩ H| is at most the number of involutions in H, which is 351, while |s G | > p 16 by [38, 4.2] . Finally for G = G 2 (p), 3 divides |H| and |G : H|, and H has 224 elements of order 3, so Lemma 2.6(ii) gives a subdegree divisible by 3 unless p = 5. When p = 5, G has base 2 [12, Table 12 ] and so is not 3 2 -transitive. Case (iii) is easily dealt with using the above argument with r = 2. Finally consider case (iv). Here the possibilities for H 0 are given by [49] (and also the known lists of maximal subgroups for G 0 of type
). In all cases both |H| and |G : H| are divisible by 2. Taking an involution s ∈ H, it is easy to check that |H| 2 < |s G | with the following exceptions: H 0 = 3 D 4 (2) < F 4 (5) and H 0 = U 3 (3) < G 2 (5). However in these exceptional cases one checks that i 2 (H) 2 < |s G | (where i 2 (H) is the number of involutions in H). Hence 2.6(ii) shows that there is an even subdegree in all cases, and so G is not (B) Now assume that p does not divide |Ω|. Then H is a parabolic subgroup. By Lemma 5.5, except in the cases where G 0 = E 6 (q) and H = P i (i = 1, 3, 5, 6), G has a unique nontrivial suborbit of size a power of p, and hence is not G 2 (q)). Finally, consider the case G 0 = E 6 (q). We can take H = P 1 or P 3 (the others are images of these under the graph automorphism). The subdegrees of G on cosets of P 1 are given in [44] , and are not equal.
It remains to consider the action of E 6 (q) with point stabiliser P 3 . Working in the algebraic group with the usual labelling of the root system, we have P 3 = QL with unipotent radical Q and Levi subgroup L, where
where T is a maximal torus. Let n 0 ∈ N G (T ) project to the longest element w 0 of the Weyl group W (E 6 ). Recall that w 0 acts on the root system as the negative of the graph symmetry. We calculate the intersection P 3 ∩ P where we use the notation α ij... = α i + α j + · · · . It follows that P 3 ∩ P
, where U 12 is a unipotent group of dimension 12. Taking fixed points of a Frobenius morphism and returning to the finite group G 0 = E 6 (q), we see that in its action on P 3 , there is a subdegree equal to |P 3 : P 3 ∩ P This subdegree does not divide |G : P 3 | − 1, so this action is not 
Sporadic Groups
In this section we prove Theorem 8.1. Every almost simple Let G be an almost simple primitive permutation group with socle a sporadic group L and point stabiliser H. The base two permutation representations of such groups G were determined in [13] and [58] . Such groups are not Frobenius groups and so are not 3 2 -transitive. Hence we only need to consider those actions which are not base two. The non-base two actions of all nineteen sporadic groups of order up to |Ly| and their automorphism groups are given in Table 16 . We were able to compute all the subdegrees for these actions, and these are listed in Table 16 . This gives much more information than we actually need, but might be interesting to the reader.
For the eight almost simple sporadic groups larger than Ly, the non-base two primitive actions are as in Table 15 . In the third column of the table, with a few exceptions, we give the highest common factor m of the numbers |H| and n − 1, where n is the degree |G : H|. If G is 1+8 .2 1+6 .3 1+2 .2S 4 , it follows that the subdegree is 3. However, a simple Magma [7] calculation finds subdegrees of length greater than 3. In all other cases in the table, H is insoluble and so the subdegree must be at least 5. However, it is clear in all these cases that H has no transitive action of degree at least 5 and dividing m, hence G cannot be 3 2 -transitive. In the exceptional cases in the table where m is not given, the fourth column either gives the subdegrees, or states that O p (H) = 1 for some prime p. In the latter cases we check that p does not divide n − 1, hence G is not This completes the proof of Theorem 8.1. 
